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Comparative study of time and frequency domain BEM approaches in frictional 
contact problem for antiplane crack under harmonic loading
V.V. Zozulya n
Centro de Investigación Científica de Yucatán A.C., Calle 43, No. 130, Colonia: Chuburná de Hidalgo, C.P. 97200, Mérida, Yucatán, México
Two different boundary element methods (BEM) for crack analysis in two dimensional (2 D) antiplane, homogeneous, isotropic and linear elastic solids by 
considering frictional contact of the crack edges are presented. Hypersingular boundary integral equations (BIE) in time domain (TD) and frequency 
domain (FD), with corresponding elastodynamic fundamental solutions are applied for this purpose. For evaluation of the hypersingular integrals involved 
in BIEs a special regularization process that converts the hypersingular integrals to regular integrals is applied. Simple regular formulas for their 
calculation are presented. For the problems solution while considering frictional contact of the crack edges a special iterative algorithm of Udzava's type is 
elaborated and used. Numerical results for crack opening, frictional contact forces and dynamic stress intensity factors (SIFs) are presented and discussed 
for a finite III mode crack in an infinite domain subjected to a harmonic crack face loading and considering crack edges frictional contact interaction using 
the TD and FD approaches.
1. Introduction
Cracks and other structural defects are often found in materials
used in engineering structures, apparatus and devises. These
cracks occur in materials because of various reasons. They could
appear as small flaws in the material manufacturing stage, they
may arise during fabrication, or they may be the result of damage
(fatigue, impact, corrosion etc.). In some situations, parts of
the machines and structures contain significantly large cracks,
nevertheless they work reliably. On the other hand, sometimes
well designed structures fail due to crack propagation under
a significantly lower load than calculated. Therefore the develop
ment and improvement of machinery and structural design using
fracture mechanics methods is very important. The inertial effects
resulting from dynamic load and crack propagation need to be
taken into account in many structural design situations that use
methods of fracture mechanics. These two factors may occur
separately or in combination. Examples are stationary cracks
under dynamic loading (when the velocity of crack propagation
is equal to zero) or propagating cracks under static loading. The
main problem of dynamical fracture mechanics is the calculation
of the SIF and J integrals for cracked bodies. These and some other
aspects of fracture dynamics methods and problems are presented
in [4,7,14,38], etc.
It is important to point out that fracture dynamics problems
are usually solved without taking into account the possibility of
contact interaction between the opposite crack edges. Analysis of
static fracture mechanics problems demonstrate that taking the
crack edge contact interaction into account may significantly affect
the fracture mechanics criteria. In dynamic problems, the effects of
the crack edge contact interaction can significantly exceed those in
the static case. Moreover, in dynamic problems it is very difficult
to find classes of loads which do not cause crack edge contact
interaction. The importance of taking into account the influence of
crack edges contact interaction on fracture mechanics criteria has
been investigated and discussed in our publications. For references
see the book Guz and Zozulya [20], or review papers [21 24,58].
We would like to quote some publications where the problem
of the crack edges contact interaction was formulated and meth
ods for its solution were developed for the first time. Mathematical
formulation of the elastodynamic problem for a cracked body, that
takes into account the possibility of crack edge contact interaction
and the formation of areas with close contact, adhesion and
sliding, were reported for the first time in [44]. In [46] it was
investigated specifically, yet very importantly, for the applications
case of harmonic loading and representation of its solution as the
Fourier series expansion was established. Algorithm for the pro
blem solution with considerable unilateral crack edges contact
interaction and friction was elaborated in [45] and adapted for
the case of harmonic load in [46]. Algorithm is based on a theory
of subdifferentional functionals and finding of their saddle
points. Such algorithms are usually known as Uzava's type [5,37].
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Mathematical aspects of the problem and algorithm convergence
were investigated in [48,50,57]. It has been shown that the
algorithm may be considered a as compressive operator, acting
on a special Sobolev's functional space. Briefly speaking the algo
rithm is the combination of two parts. The first part is the solution
of an elastodynamic problem for bodies with cracks, without
taking into account contact conditions. The second part is the
projection of the founded solution on the set of unilateral contact
restrictions and friction. The projection operators were con
structed in [44,46], then used in a number of our publications, as
well other authors publications.
In the developed algorithm the first part is not directly defined,
any numerical or even an analytical method for solution of the
corresponding problem without taking into account contact con
ditions can be used. In our publications, the BIE method and its
numerical implementation BEM were used. It was adapted for the
problem solution mentioned above in [49]. Useful information on
the BEM and its application to stress analysis, fracture mechanics
and contact problems can be found in [3,6,10,17,26 28,33] The
singularity of the integral operator kernels is one of the main
problems that appears when the BIE is solved by the BEM. An
approach which is based on the theory of distributions and the
second Green's theorem is developed and applied for the diver
gent integral regularization in [47,51 53,55,56]. Simple regular
formulas were elaborated and using these formulas the weakly
singular, strongly and hypersingular 1 D and 2 D integrals can be
considered the same way. In many important application cases,
using the obtained regularized formulas divergent integrals can be
calculated analytically, no numerical integration is needed.
Three different BEM formulations, namely, the frequency
domain [8,9,18,40] the Laplace transform domain [13] and the
time domain BEM [12,15,19,29 31,35,36,41 43] are often applied
to the elastodynamic crack analysis. Comparative study of the
different BEM formulations and analysis of their accuracy and
efficiency, is performed in [16,34] for elastodynamic problems
without considering possibilities for contact integration. We do
not know any publications, where such analysis was been done for
the elastodynamic crack analysis problems by taking into account
contact interaction.
This paper has been written to address this shortcoming.
A comparative study of the TD and the FD BEM formulations and
the analysis of their accuracy and efficiency is performed in this
paper for the case of the frictional contact problem for antiplane
crack interacted with harmonic HS polarized waves. Numerical
examples for computing the crack opening, the frictional contact
forces and the dynamic SIFs are presented to compare the
accuracy and the efficiency of the two different BEM formulations.
2. Formulation of the problem
Let us consider a homogeneous linearly elastic body. It is well
known (see [2,11]) that if the stress strain state of elastic body
depends on only the two coordinates xα ¼ ðx1; x2ÞAV  R2and time
tAℑ, then the main equations of elastodynamics are divided into
two independent parts: plane and antiplane problem. Following
[2,11] we consider the antiplane equations of elastodynamics. The
elastodynamic stress strain state in this case is defined by the
following components of the stress s3αðxα; tÞ and strain ε3αðxα; tÞ
tensors, which are related by Hooke's law
s3α ¼ με3α ð1:1Þ
where μ is the shear modulus.
The deformation is described by the shear component of the
displacements u3ðxα; tÞ, which is related to the strain tensor by the
kinematic Cauchy relation
ε3α ¼ ∂αu3 ð1:2Þ
Substituting (1.2) into (1.1) the stress tensor components are
defined by the displacement
s3α ¼ μ∂αu3 ð1:3Þ
The stress differential equation of motion of the elastic body in this
case has the form of
μ∂βs3βþb3 ¼ ρ∂2t u3 ð1:4Þ
Here and above ∂β ¼ ∂=∂xβ and ∂t ¼ ∂=∂t are derivatives with
respect to the space coordinates and time, respectively, b3 is the
volume force.
Substituting s3αðxα; tÞ in Eq. (1.4) by its Hooke's law representa
tion (1.3) we find the scalar wave equation for the displacement
u3ðxα; tÞ to be in the form of
μ∂β∂βu3þb3 ¼ ρ∂2t u3 8ðxα; tÞAV ℑ ð1:5Þ
If the problem is solved on an infinite region, then the solution
for Eq. (1.5) is uniquely determined by assigning displacements
and velocity vectors in the initial instant of time. Then the initial
conditions are
u3ðxα; t0Þ ¼ u03ðxÞ; ∂tu3ðxα; t0Þ ¼ v03ðxαÞ 8xαAV ð1:6Þ
Additional conditions at infinity have to be satisfied in this case
u3ðxα; tÞ ¼ Oðlnðr1ÞÞ; s3βðxα; tÞ ¼ Oðr1Þ for r-1 ð1:7Þ
Here r¼ xαj j ¼ x21þx22
q
is the distance in the 2 D Euclidian spaces.
If the body occupies a finite region V , it is necessary to establish
boundary conditions. We suppose that the region V is an open
bounded subset of the 2 D Euclidean space ℜ2 with a C1;1
Lyapunov's class regular boundary ∂V . The boundary contains
two parts ∂Vu and ∂Vp such that ∂Vu \ ∂Vp ¼∅ and ∂Vu [ ∂Vp ¼ ∂V .
On the part ∂Vu are prescribed displacements u3ðxα; tÞ of the body
points and on the part ∂Vp are prescribed tractions p3ðxα; tÞ respec
tively. Then the mixed boundary conditions are
u3ðxα; tÞ ¼ ϕ3ðxα; tÞ 8xαA∂Vu 8 tAℑ
p3ðxα; tÞ ¼ s3βðxα; tÞnβðxαÞ ¼ Pn½u3ðxα; tÞ
¼ ψ3ðxα; tÞ 8xαA∂Vp 8 tAℑ ð1:8Þ
Fig. 1. Finite crack under antiplane deformation.
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The differential operator Pn : u3-p3 is called traction operator.
It transforms the displacements into the tractions. For the homo
geneous isotropic elastic medium in the case of antiplane defor
mation has the form of
Pn ¼ μ∂n ð1:9Þ
Here ∂n ¼ ni∂i is a derivative in the direction of the vector nðxαÞ
normal to the surface ∂V , ni are components of the outward unit
normal vector.
The body may contain an arbitrary oriented crack, which is
described by its opposite surfaces Ωþ and Ω. Let us consider in
more detail the unbounded homogeneous isotropic elastic body in
3 D Euclidean space with a finite crack located in the plane
R2 ¼ x : x3 ¼ 0f g. We assume that displacements of the body points
and their gradients are small, so the crack surface can be described
by its Cartesian coordinates
Ω¼ x : lrx1r l; x2 ¼ 0; 1rx3r1
  ð1:10Þ
A harmonic horizontally polarised shear SH wave with freq
uency ω propagates in the plane R2. The shear axis and axis Ox3 are
coinciding as is shown in Fig. 1.
The incident wave is defined by the potential function
ψðxα; tÞ ¼ ψ0eiðk2n xαωtÞ; ð1:11Þ
where ψ0 is the amplitude, k2 ¼ω=c2 is the wave number, c2 ¼
μ=ρ
p
is the velocity of the SH wave, ω¼ 2π=T is the freq
uency, T is the period of wave propagation, μ are the Lame
constant, and ρ is the density of the material, n¼ ð cos α ; sin αÞ
is the unit vector, normal to the front of the incidence wave, α is
the angle of the incident wave.
This wave generates the stress strain state that depends on
two space coordinates xα  R2 and time tAℑ which is called the
antiplane deformation [2,11]. Wave propagation in a cracked body
is a classical diffraction problem [2,11,20]. Usually this problem
may be divided into two separate problems: the problem for
incident waves and the problem for reflection waves. Obviously,
the problem for incident wave is trivial in the case under
consideration. If the wave function ψðxα; tÞ is known, then the
components of the stress tensor and displacements of the incident
wave are determined in the form of the vector under action of
u3 ¼ ∂2ψ ¼ k2n2 Refiψ0eiðk2n xαωtÞg;
s3α ¼ μ∂α∂2ψ ¼ μk22nαn2 Refψ0eiðk2n xαωtÞg ð1:12Þ
Therefore we will pay more attention to the solution of the
problem for reflected waves.
On the crack's edges we have n1 ¼ 0 and x2 ¼ 0, therefore the
load caused by the incident wave has the form
p3ðxα; tÞ ¼ s32ðx1; tÞ ¼ p0 Refeiðk2x1ωtÞg; p0 ¼ μk22ψ0 ð1:13Þ
We want to consider the possibility for the crack faces contact
interaction. Therefore we suppose that an initial compressive load
is applied to the crack surface in the x2. In this case under the
action of the harmonical loading frictional contact interaction of
the opposite crack edges occurred. Considering the crack edges
contact interaction, the load on the crack edges has the form of
ps3ðxα; tÞ ¼
p3ðxα; tÞ 8xα =2Ωe
p3ðxα; tÞþq3ðxα; tÞ 8xαAΩe
(
ð1:14Þ
where q3ðxα; tÞ is a frictional contact forces, Ωe ¼Ωþ \ Ω is a
region of close frictional contact, which varies with time.
The force of the crack edges contact interaction q3ðxα; tÞ and
displacement discontinuity Δu3ðxα; tÞ ¼ uþ3 ðxα; tÞ u3 ðxα; tÞ should
satisfy the contact constrains
q3
 rkτqn- ∂tΔu3 ¼ 0;
q3
 ¼ kτqn- ∂tΔu3 ¼ λτq3 8xαAΩe 8 tAℑ ð1:15Þ
where kτ and λτ are coefficients dependent on the contacting
surfaces properties, qnðxα; tÞ is normal to the crack surface force of
contact interaction.
Here we use contact conditions (1.15) in the form of Coulomb
friction, which are widely used for investigation of the elasto
dynamic contact problems with friction. For references see [5,20,37],
also following [5,20,37,61,62], for the problem under consideration
we assume that it is known beforehand.
We will consider the solution of the above formulated elasto
dynamic contact problem for cracked body using the TD and FD BEM
and analyze applicability, accuracy and efficiency, while comparing
them and studying their advantages and disadvantages.
3. Integral equations and fundamental solutions in the TD
The starting point in our consideration of the BIE in antiplane
elastodynamics will be Betty Rayleigh reciprocal theorem [2,11].
It presents the relation between two elastodynamic states of the
elastic body. Usually one state refers to the main state and another
to the secondary state. In order to distinguish between these two
elastodynamic states we supplied the values which correspond to
the secondary elastodynamic states with the mark “′”. For the case
of zeros body forces, initial displacements and velocity the Betty
Rayleigh reciprocal theorem may be presented in the form ofZ
ℑ
Z
V
b3ðxα; τÞu′3ðxα; t τÞdV dτþ
Z
ℑ
Z
∂V [Ω
p3ðxα; τÞu′3ðxα; t τÞdS dτ
¼
Z
ℑ
Z
V
b03ðxα; t τÞu3ðxα; τÞdV dτ
þ
Z
ℑ
Z
∂V [Ω
p03ðxα; t τÞu3ðxα; τÞdS dτ ð2:1Þ
From this theorem follows Somigliana's integral representation for
the displacements. In order to obtain it we consider the main
elastodynamic state, which corresponds to the problem under
consideration and the secondary elastodynamic state that corre
sponds to an infinite region subjected to the unit impulse applied
at the time t at the point xα. Such impulse can be represented by
the Dirac delta functions, which depend on the space coordinates
xα and уα and time in the form of
b′iðx; t τÞ ¼ δijδðxα уαÞδðt τÞ ð2:2Þ
We denoted the displacements and tractions that correspond to
the secondary state in the infinite region as
u′iðxα; tÞ : Uijðxα уα; t τÞ and p′iðxα; tÞ : Wijðxα; уα; t τÞ ð2:3Þ
Now the Betty Rayleigh reciprocal theorem (2.1) is applied to two
elastodynamic states: the actual state and the auxiliary state,
which correspond to the action of the impulse load (2.2) in the
infinite region. Taking into account properties of the delta function
Somigliana's integral representation for the displacements is
obtained in the form of
u3ðyα; tÞ ¼
Z
ℑ
Z
∂V
p3ðxα; τÞU3ðxα yα; t τÞ

u3ðxα; τÞW3ðxα; yα; t τÞ

dS dτZ
ℑ
Z
Ω
Δu3ðxα; τÞW3ðxα; yα; t τÞdS dτ ð2:4Þ
where U3ðxα yα; t τÞ is the fundamental solution for the wave
equation (1.5), it corresponds to the displacement at point yα at
time instant t, when the concentrated impulse (2.2) is applied at
point xα at time instant τ, W3ðxα; yα; t τÞ is the fundamental
solution for traction, it can be obtained from the fundamental
solution for displacements applying traction operator (1.9).
The fundamental solution for displacements can be found for
example in [2,10,11]. It can be represented by the following
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equations:
U3ðxα yα; t′Þ ¼
1
2πμ
1
L
Hðt′ r=c2Þ ð2:5Þ
where Hðt′ r=c2Þ is the Heaviside step function, r xα; yα
 	¼ xα yα 
is the distance between the collocation point yα and the observa
tion point xα. It is defined by the equation
rðxα; yαÞ ¼ ðx1 y1Þ2þðx2 y2Þ2
q
ð2:6Þ
For compactness we also introduce the following notations
t′¼ t τ, L¼ ðt′Þ2 ðr=c2Þ2
q
.
Applying traction operator (1.9) to the fundamental solution for
displacements (2.5) we obtain fundamental solution for traction in
the form of
W3ðxα; yα; t′Þ ¼
1
2πc2
nαðxαÞxα
r
r
c2
Hðt′ r=c2Þ
L3
δðt′ r=c2Þ
L

 
ð2:7Þ
Integral representation for traction can be obtained from
Somigliano's integral representation (2.4) applying differential
operator (1.9). As a result we have
p3ðyα; tÞ ¼
Z
ℑ
Z
∂V
p3ðxα; τÞK3ðxα; yα; t′Þ u3ðxα; τÞF3ðxα; yα; t′Þ
 
dS dτZ
ℑ
Z
Ω
Δu3ðxα; τÞF3ðxα; yα; t′ÞdS dτ ð2:8Þ
Here the kernel K3ðxα; yα; t′Þ has the form of
K3ðxα; yα; t′Þ ¼
1
2πc2
nβðyαÞxβ
r
r
c2
Hðt′ r=c2Þ
L3
δðt′ r=c2Þ
L

 
ð2:9Þ
The kernel F3ðxα; yα; t′Þ can be calculated applying the operator
of the derivation in normal direction twice with respect to xα and
yα to the fundamental solutions (2.5). As the result we obtain
F3ðxα; yα; t′Þ ¼
nαnβ
r
δαβ
xαxβ
r2
 dU3ðxα yαÞ
dr
þnαxα
r
nβxβ
r
d2U3ðxα yαÞ
dr2
ð2:10Þ
where
dU3ðxα yα; t′Þ
dr
¼ r
c22
Hðt0 r=c2Þ
L3
δðt′ r=c2Þ
c2L
d2U3ðxα yα; t′Þ
dr2
¼ 2r
2=c22þðt τÞ2
c22
Hðt τ r=c2Þ
L5
2r
c32
δðt τ r=c2Þ
L3
þδ′ðt τ r=c2Þ
c22L
ð2:11Þ
In Eq. (2.10) the expressions for normal derivatives of the function
r xα; yα
 	
have the form of
∂nr¼ nαxαr ; ∂nð∂nrÞ ¼
nαnβ
r
δαβ
xαxβ
r2
 
ð2:12Þ
The term with delta function and its derivatives in (2.7), (2.9)
and (2.11) possess singularity at t′¼ r=c2, where the argument of
the delta function cancels out. To avoid this problem following
Gallego and Dominguez [15] we transform integral representa
tions (2.4) and (2.8) using the relationshipZ t
0
δðt τ r=c2Þf ðτÞuðτÞdτ¼
Z t
0
Hðt τ r=c2Þð_f ðτÞuðτÞþ f ðτÞ _uðτÞÞdτ
ð2:13Þ
Here and throughout this paper the point on the top means
derivative with respect to time.
Then the integral representation for displacements (2.4) can be
presented in the form of
u3ðyα; tÞ ¼
Z
ℑ
Z
∂V
½p3ðxα; τÞU3ðxα yα; t′Þ
u3ðxα; τÞWn3ðxα; yα; t′Þ _u3ðxα; τÞ _W
n
3ðxα; yα; t′ÞdS dτ
Z
ℑ
Z
∂V
Δu3ðxα; τÞWn3ðxα; yα; t′ÞþΔ _u3ðxα; τÞ _W
n
3ðxα;yα; t′Þ
h i
dS dτZ
ℑ
Z
Ω
Δu3ðxα; τÞWn3ðxα; yα; t′ÞþΔ _u3ðxα; τÞ _W
n
3ðxα; yα; t′Þ
h i
dS dτ
ð2:14Þ
where
Wn3ðxα;yα; t′Þ ¼
1
2πc2
nαðxαÞxα
r
t′ r=c2
L3
Hðt′ r=c2Þ
_W
n
3ðxα;yα; t′Þ ¼
1
2πc2
nαðxαÞxα
r
1
L
Hðt′ r=c2Þ ð2:15Þ
In the same way the integral representation for traction (2.8) can
be represented in the form of
p3ðyα; tÞ ¼
Z
ℑ
Z
∂V
p3ðxα; τÞKn3ðxα; yα; t′Þþ _p3ðxα; τÞ _K
n
3ðxα; yα; t′Þ
h
u3ðxα; τÞFn3ðxα;yα; t′Þ _u3ðxα; τÞ _F
n
3ðxα; yα; t′Þ
u3ðxα; τÞF
n
3ðxα;yα; t′Þ
i
dS dτZ
ℑ
Z
Ω
Δu3ðxα; τÞFn3ðxα; yα; t′Þ Δ _u3ðxα; τÞ _F
n
3ðxα; yα; t′Þ
h
Δu3ðxα; τÞF
n
3ðxα; yα; t′Þ
i
dS dτ ð2:16Þ
where
Kn3ðxα; yα; t′Þ ¼
μ
2πc2
nβðyαÞxβ
r
t′ r=c2
L3
Hðt′ r=c2Þ
_K
n
3ðxα; yα; t′Þ ¼
μ
2πc2
nβðyαÞxβ
r
1
L
Hðt′ r=c2Þ ð2:17Þ
and
Fn3ðxα; yα; t′Þ ¼
μ
2πc2
ðt′ r=c2Þ
rL3
1
nαðxαÞxα
r
nβðyαÞxβ
r


 1þ 3r
c2t′þrÞ

 
Hðt′ r=c2Þ;
_F
n
3ðxα; yα; t′Þ ¼
μ
2πc2
1
rL
1
nαðxαÞxα
r
nβðyαÞxβ
r


 1þ 2r
c2t′þr

 
Hðt′ r=c2Þ;
F
n
3ðxα; yα; t′Þ ¼
μ
2πc2
nαðxαÞxα
r
nβðyαÞxβ
r
1
c2L
ð2:18Þ
In the case of the straight crack in the unbounded plane
presented in Fig. 1 all the above equations are significantly
simplified. Indeed in this case n1 ¼ 0, n2 ¼ 1, x2 ¼ 0 and ∂V ¼∅.
Therefore the integral equation that related the crack opening and
the traction is presented in the form of
p3ðyα; tÞ ¼
Z
ℑ
Z
Ω
½Δu3ðxα; τÞFn3ðxα; yα; t′Þ Δ _u3ðxα; τÞ _F
n
3ðxα; yα; t′ÞdS dτ
ð2:19Þ
with
Fn3ðxα; yα; t′Þ ¼
μ
2πc2r
ðt′ r=c2Þ
L3
; _F
n
3ðxα; yα; t′Þ ¼
μ
2πc2r
1
L
ð2:20Þ
These simplified equations will be used for the numerical
solution comparative study of the problem that is considered here.
4. Discretization and BEM in the TD
The BEM can be treated as the approximate method for the BIE
solution, which includes an approximation of the functions that
belong to some functional space, boundary of the body including
crack surfaces and time interval by a discrete finite model. In our
specific case of the finite crack in an unbounded region the
boundary consists of the crack surface Ω which is divided into N
boundary elements with Q nodes of interpolation per element.
4
Standard Lagrange interpolation polynomials have the form of
ϕqðξÞ ¼
ðξ ξ0Þðξ ξ1Þ…ðξ ξq1Þðξ ξqþ1Þ…ðξ ξQ Þ
ðξq ξ0Þðξq ξ1Þ…ðξq ξq1Þðξq ξqþ1Þ…ðξq ξQ Þ
ð3:1Þ
For piece wise constant approximation
ϕqðxαÞ ¼
1 8xαAΩn;
0 8xα =2Ωn:
(
ð3:2Þ
The observation time interval ℑ¼ ½t0; T  is divided into M time
steps with P nodes of interpolation per time step
For piece wise constant approximation
ψ0ðtÞ ¼Hðt tmþΔtÞ Hðt tmÞ ð3:3Þ
where HðtÞ represents the Heaviside unit step function.
For piece wise linear approximation
ψ1ðtÞ ¼
1
Δt
ðRðt tmþΔtÞ 2Rðt tmÞþRðt tm ΔtÞÞ ð3:4Þ
where RðtÞ represents the unit ramp function, defined as RðtÞ ¼ t if
t40 and 0 otherwise.
Now the crack opening, its velocity and traction on the
boundary element Ωn and the time step ½tm1; tm can be presented
in the form of
Δu3ðxα; τÞ ¼ ∑
P
p 1
∑
Q
q 1
Δu3ðxqα; tmÞϕqðxÞψpðτÞ; xαAΩn; τA ½tm1; tm;
Δ _u3ðxα; τÞ ¼ ∑
P
p 1
∑
Q
q 1
Δu3ðxqα; tmÞϕqðxÞ _ψpðτÞ; xαAΩn; τA ½tm1; tm;
p3ðxα; τÞ ¼ ∑
P
p 1
∑
Q
q 1
p3ðxqα; tmÞϕqðxÞψpðτÞ; xαAΩn; τA ½tm1; tm
ð3:5Þ
Then TD discrete BEM for antiplane elastodynamics problems
for straight crack in an infinite plane has the form of
p3ðyr ; tMÞ ¼ ∑
N
n 1
∑
Q
q 1
∑
M
m 0
∑
P
p 1
ðFnq3 ðyr ; xn; tM tmÞΔu3ðxn; tmÞ
_F
nq
3 ðyr ; xn; tM tmÞΔ _u3ðxn; tmÞÞ ð3:6Þ
where
Fq;p3 ðyr ; xn; tM tmÞ ¼
Z tm
tm 1
Z
Ωn
Fn3 yr ; x; tM τ
 	
ϕqðξÞdSψpðτÞdτ;
_F
q;p
3 ðyr ; xn; tM tmÞ ¼
Z tm
tm 1
Z
Ωn
_F
n
3 yr ; x; tM τ
 	
ϕqðξÞdS _ψpðτÞdτ; ð3:7Þ
The integration in (3.7) can be done analytically when the
interpolation functions are simple enough. Therefore we consider
here the piece wise constant BE and corresponding interpolation
polynomial in the form (3.2) and the two type of time interpola
tion: piece wise (3.3) constant and piece wise linear (3.4).
First, we will evaluate the time integrals in (3.7), changing the
order of space and time integration we have
Fq;p3 ðyr ; xn; tM tmÞ ¼
Z
Ωn
Z tm
tm 1
Fn3ðyr ; x; tM τÞψpðτÞdτϕqðξÞdS
_F
q;p
3 ðyr ; xn; tM tmÞ ¼
Z
Ωn
Z tm
tm 1
_F
n
3ðyr ; x; tM τÞ _ψpðτÞdτϕqðξÞdS ð3:8Þ
In the case of piece wise constant time approximation inter
polation polynomial and its derivative with respect to time are
ψ0ðtÞ ¼Hðt tmþ1Þ Hðt tmÞ; _ψ0ðtÞ ¼ δðt tmþ1Þ δðt tmÞ ð3:9Þ
Substituting them and kernels (2.20) in (3.8) we obtain integral
that has to be evaluated in the form of
FM;m3 ðxα; yα; tMÞ ¼
μ
2πc2r
Z tm
tm1
ðtM τÞ r=c2
ðtM τÞ2 ðr=c2Þ2
 3=2
0
B@
þδðτ tmþ1Þ δðτ tmÞ
ðtM τÞ2 ðr=c2Þ2
q
1
CAHðtM τ r=c2Þdτ ð3:10Þ
Three different cases arise while carrying out integration
depending on propagation of the wave along the crack length.
1. For tM tm1rr=c2, the effect of perturbation has not arrived
yet at the point xα
FM;m3 ðxα; yα; tMÞ ¼ 0 ð3:11Þ
2. For tM tmrr=c2otM tm1, the effect of the part of the
perturbation has arrived at xα but the part of the perturbation
produced for r such that r=c24tn τ has not arrived at xα yet
FM;m3 ðxα; yα; tMÞ ¼
μ
2πr2
ðtM tm1Þ
Lm1
ð3:12Þ
Here
Lm ¼ ðtM tmÞ2 ðr=c2Þ2
q
3. For tn tmor=c2, the effect of part of the perturbation has
arrived at xα but the part of the perturbation produced for r
such that r=c24tM τ has not arrived at xα yet
FM;m3 ðxα; yα; tMÞ ¼
μ
2πr2
ðtM tm1Þ
Lm1
ðtM tmÞ
Lm

 
ð3:13Þ
Now we proceed with space integration. Considering (3.12) and
(3.13) we have to evaluate the following integral:Z Δn
Δn
FM:m3 ðx1; yr1; tMÞdx1 ¼
μ
2π
Z Δn
Δn
1
ðx1 yr1Þ2
c2ðtM tm1Þ
Lm
dx1 ð3:14Þ
In the case if ran integral is regular and can be evaluated
numerically or analytically without any problems. Analytical
evaluation is given as
FM;m3 ðrn;r ; tMÞ ¼
μ
π
1
ðrn;rÞ2þΔ2n
ðrn;r ΔnÞ
Lþm1
tM tm1
ðrn;rþΔnÞ
Lm1
tM tm1

 
ð3:15Þ
Here
rn;r ¼ xn1 yr1
 ;
and
L7m ¼ ðtM tm1Þ2 ððrn;r7ΔnÞ=c2Þ2
q
In the case where r¼ n x1A ½yn1 Δn; yn1þΔn integral (3.14) is
hypersingular, special treatment is needed for its evaluation. Here
we use the method of the divergent integrals regularization
developed in our publications [47,51,53,55]. For that purpose we
present integral (3.14) in the form of
F:P:
Z Δn
Δn
FM:m3 ðx1; yr1; tMÞdx1
¼ μ
2π
F:P:
Z Δn
Δn
ϕðx1Þ
ðx1 yr1Þ2
dx1; x1A ½Δn; Δn ð3:16Þ
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where
ϕðx1Þ ¼
c2ðtM tm1Þ
Lm
Now the integration by parts in the sense of generalized
functions gives a regularized formula for the hypersingular inte
gral (3.16) calculation in the form of
FM;m3 ðrn;n; tMÞ ¼
2μ
π
1
Δn
1
Δn
c2ðtM tm1Þ

 2s
ð3:17Þ
In the case of piece wise linear time approximation interpolation
polynomial and its derivative with respect to time are
ψ1ðtÞ ¼
1
Δt
Rðt tmþΔtÞ 2Rðt tmÞþRðt tm ΔtÞð Þ;
_ψ1ðtÞ ¼
1
Δt
Hðt tmþΔtÞ 2Hðt tmÞþHðt tm ΔtÞð Þ ð3:18Þ
Substituting them and kernels (2.20) in (3.8) we obtain an integral
that has to be evaluated in the form of
FM;m3 ðxα; yα; tMÞ ¼
μ
2πc2r
Z tm
tm 1
ðτ tm1Þ
Δt
 ðtM τÞ r=c2
ðtM τÞ2 ðr=c2Þ2
 3=2þδðτ tmþ1Þ δðτ tmÞðtM τÞ2 ðr=c2Þ2q
1
CA
0
B@
HðtM τ r=c2Þdτþ
μ
2πc2r
Z tmþ 1
tm
ðtmþ1 τÞ
Δt
 ðtM τÞ r=c2
ðtM τÞ2 ðr=c2Þ2
 3=2þδðτ tmþΔtÞ δðτ tmÞðtM τÞ2 ðr=c2Þ2q
1
CA
0
B@
HðtM τ r=c2Þdτ ð3:19Þ
In this case four different cases arise in carrying out integration
depending on the propagation of the wave along the crack length:
1. For tn tm1rr=c2, Δtðn mþ1Þrr=c2, tn tm1 ¼ Δtðn mþ1Þð Þ
the effect of the perturbation has not yet arrived at point xα
Fn3ðxα yα; tnÞ ¼ 0 ð3:20Þ
2. For tn tmrr=c2otn tm1, the effect of the part of the pertur
bation has arrived at xα but the part of the perturbation
produced for r such as r=c24tn τ has not arrived at xα yet
FM;m3 ðxα; yα; tMÞ ¼
μ
2πr2Δt
Lm1 ð3:21Þ
3. For tn tmþ1or=c2rtn tm, the effect of part of the perturba
tion has arrived at xα but the part of the perturbation produced
for r such as r=c24tn τ has not arrived at xα yet
FM;m3 ðxα; yα; tnÞ ¼
μ
2πr2Δt
ðLm1 2LmÞ ð3:22Þ
4. For r=c2rtn tmþ1, the effect of part of the perturbation has
arrived at xα but the part of the perturbation produced for r
such as r=c24tn τ has not arrived at xα yet
FM;m3 ðxα; yα; tnÞ ¼
μ
2πr2Δt
ðLm1 2LmþLmþ1Þ ð3:23Þ
Now we proceed with space integration. When considering
(3.21) (3.23) we have to evaluate the following integral:Z Δn
Δn
FM;m3 ðx1; yr1; tMÞdx1
¼ μ
2πc2Δt
Z Δn
Δn
1
ðx1 yr1Þ2
c22ðtM tm1Þ2 ðx1 yr1Þ2
q
dx1 ð3:24Þ
In the case that ran the integral is regular and can be
evaluated numerically or analytically without any problem. The
analytical evaluation is given as
FM:m3 ðrn;r ; tMÞ
μ
2πΔt
Lm1
rn;r Δn
þarctan r
n;r Δn
c2L

m1

 

Lþm1
rn;rþΔn
arctan
rn;rþΔn
c2L
þ
m1

 
ð3:25Þ
In the case that r¼ n x1A ½yn1 Δn; yn1þΔnintegral (3.24) is
hypersingular, special treatment is needed for its evaluation. Using
the same approach as in the previous case we obtain a regularized
formula for calculation of the hypersingular integral (3.24) in the
form of
FM:m3 ðrn;n; tMÞ ¼
μ
2πΔn
ðtM tm1Þ
Δt
1
Δn
c2ðtM tm1Þ
s
ð3:26Þ
The discrete BEM equation (3.6) by considering numerical
calculation of the Riemann convolution integrals in (3.7) can be
presented in the following matrix form:[10,19,42]
pM ¼ ∑
M
m 0
AM;m UΔum ð3:27Þ
where Mis a number of time steps and N is a number of BE.
pM ¼
p3ðy1; tMÞ
⋮
p3ðyN ; tMÞ

;
AM;m ¼
FM;m3 y1; x1; tM tm
 	
⋯ FM;m3 ðy1; xN ; tM tmÞ
⋮ ⋮
FM;m3 yN ; x1; tM tm
 	
⋯ FM;m3 ðyN ; xN ; tM tmÞ


;
Δum ¼
Δu3ðy1; tmÞ
⋮
Δu3ðyN ; tmÞ

 ð3:28Þ
Now, taking into account the initial conditions from Eq. (3.27)
the explicit time stepping algorithm follows
ΔuM ¼ ðA0Þ1 pM ∑
M1
m 1
AMmþ1 UΔum

 
; ð3:29Þ
here ðA0Þ1 is the inverse of the system matrix A0 at the time step
M¼ 0.
The main specific feature of the problem considered here is the
presence of the frictional contact conditions (1.15) which make the
problem strongly nonlinear. Special algorithms have to be used for
such problems solution. Here we use Uzawa's type algorithm for
the first time proposed in [45] and then further developed in
[59,60] for the solution of elastodynamic contact problems for
bodies with cracks.
Each time interval algorithm consists of the following steps:
 the initial distribution of the contact forces q03ðx1; tÞ ;
8xAΩ ; 8 tAℑ is assigned;
 the problem without constrains is solved and the unknown
quantities on the contact surfaces Δu3ðx1; tÞ are defined;
 the normal and tangential components of the vector of the
contact forces are corrected to satisfy the unilateral restrictions
qkþ13 ðx1; tÞ ¼ Pτ½qk3ðx1; tÞ ρτ∂tΔukþ13 ðx1; tÞ; ð3:30Þ
where
Pτ q3
 ¼ q3ðx3; tÞ if jq3jrkτqnðx3; tÞkτqnðx3; tÞq3=jq3j if q3 4kτqnðx3; tÞ
(
ð3:31Þ
6
is the operator of the orthogonal projection onto set q3
 r
kτqnðx3; tÞ, coefficient ρτ has been chosen based on the condi
tions that give the best convergence of the algorithm;
 proceed to the next step of the iteration.
Algorithms of such kind are widely used to solve different
constrained optimization problems; for example, elastostatic con
tact problems (see [5,37]). In the elastostatic case the algorithm
has well established theoretical basis with proof of the existence,
uniqueness and convergence of the solution (see [54]). In the
case of dynamical problems no well established results of the
existence, uniqueness and convergence are available. Variational
formulation by considering non smooth functional relations and
investigation of such algorithms convergence in the case of elasto
dynamic contact problems have been presented in [57]. Particu
larly we find that coefficient ρτ has a significant influence on
algorithm convergence. In the case that ρτ is too small algorithm
can converge too slow, in the case that it is too big algorithm can
be divergent.
5. Integral equations and fundamental solutions in the FD
Let us consider the problem of a harmonic horizontally polar
ised shear SH wave with frequency ω propagating in the plane R2
in the FD. In the problem related to reflected waves load is applied
to the crack edges as it is shown in Fig. 1. Because of contact
constrains (1.15) the problem under consideration is nonlinear.
Therefore, as it was shown in [50] and our other publications, the
problem for reflected waves presents the periodic steady state
process, but not the harmonic process. As a result, components
of the stress strain state, caused by the reflected waves cannot
be represented as functions of coordinates xα, multiplied by factor
eiωt , as it usually done in elastodynamics in the case of the
harmonic loading [2,11]. That is why we have to expand compo
nents of the displacement vector and stress tensor into Fourier
series with the parameter of loading ω
u3ðxα; tÞ ¼ Re ∑
1
1
uk3ðxαÞeiωkt
 
;
s3βðxα; tÞ ¼ Re ∑
1
1
sk3βðxαÞeiωkt
 
ð4:1Þ
where
uk3ðxαÞ ¼
ωk
2π
Z T
0
u3ðxα; tÞeiωkt dt;
sk3βðxαÞ ¼
ωk
2π
Z T
0
s3βðxα; tÞeiωkt dt ð4:2Þ
In the same way, traction p3ðx1; tÞ on the crack edges and their
opening Δu3ðx1; tÞ may be expanded into Fourier series
p3ðx1; tÞ ¼ Re ∑
1
1
pk3ðx1Þeiωkt
 
;
Δu3ðx1; tÞ ¼ Re ∑
1
1
Δuk3ðx1Þeiωkt
 
ð4:3Þ
where
pk3ðx1Þ ¼
ωk
2π
Z T
0
p3ðx1; tÞeiωkt dt
Δuk3ðx1Þ ¼
ωk
2π
Z T
0
Δu3ðx1; tÞeiωkt dt ð4:4Þ
Inserting the Fourier series expansions defined by (4.1) into
governing equation (1.5), instead of the one wave equation
we obtain a countable set of steady state wave equations in the
from of
∂β∂βuk3þ
ω2k
c22
uk3þ
ρ
μ
bk3 ¼ 0 for k¼ 0;71;72; :::;1 8xαAΩ ð4:5Þ
In [20,21,23, 24] it was shown that the Fourier series expansions of
the displacement discontinuity Δuk3ðxαÞ and traction pk3ðxαÞ are
related by the boundary integral equations (BIE) in the form of
pk3ðxαÞ ¼ F:P:
Z
Ω
F3ðxα yα;ωkÞΔuk3ðyαÞdΩ
for k¼ 0;71;72; :::;71 8xαAΩ ð4:6Þ
The kernels F3ðxα yα;ωkÞ may be obtained from the fundamental
solutions U3ðxα yα;ωkÞ for the steady state wave equations. The
fundamental solutions for the steady state wave equation is well
known and may be found anywhere, for example in [2,11,10]. It is
in the form of
U3ðxα yα;ωkÞ ¼
i
4μ
Hð1Þ0 ðl
k
2Þ; lk2 ¼ rωk=c2 ð4:7Þ
where H10ðzÞ is the Bessel function of the third kind and of zero
order (Hankel function) [1].
Applying the operator of derivation in normal direction (1.9)
twice with respect to xα and yα respectively to the fundamental
solutions U3ðxα yα;ωkÞ we obtain
F3ðxα; yα;ωkÞ ¼ μ2∂n∂nU3ðxα yα;ωkÞ ð4:8Þ
where ∂n ¼ nα∂α is the normal derivative.
The normal derivatives of the fundamental solutions
U3ðxα yα;ωkÞ are calculated by the equations
∂nU3ðxα yα;ωkÞ ¼
nαxα
r
dU3ðr;ωkÞ
dr
;
∂n∂nU3ðxα yαÞ ¼
nαnβ
r
δαβ
xαxβ
r2
 dU3ðxα yαÞ
dr
þnαxα
r
nβxβ
r
d2U3ðxα yαÞ
dr2
ð4:9Þ
Taking into account that in the case of the plane finite crack shown
in Fig. 1 vectors of outward normal are n1 ¼ 0, n2 ¼ 1 and x2 ¼ 0,
the normal derivative for the fundamental solution U3ðxα yα;ωkÞ
have the form of
∂n∂nU3ðxα yα;ωkÞ ¼
dU3ðr;ωkÞ
r dr
ð4:10Þ
Using the formula for the derivative of the Bessel function H10ðzÞ)
[1]
d
dr
Hð1Þ0
ωr
c2

 
¼ ω
c2
Hð1Þ1
ωr
c2

 
ð4:11Þ
we obtain the kernel F3ðxα yα;ωkÞ. For our specific case it has the
form of
F3ðxα yα;ωkÞ ¼ μ
iωk
rc2
Hð1Þ1 ðl
k
1Þ ð4:12Þ
The kernel is a complex value function. It may be represented in
the form of
F3ðxα yα;ωkÞ ¼ FRe3 ðxα yα;ωkÞþ iF Im3 ðxα yα;ωkÞ ð4:13Þ
In order to separate real and imaginary parts of the funda
mental solutions we substitute the Hankel functions by the Bessel
functions of the first and the second kind using the relation
Hð1Þν ¼ JvðzÞþ iYvðzÞ ð4:14Þ
Now the real and imaginary parts of the fundamental solution
have the form of
FRe3 ðxα yα;ωkÞ ¼ μ
ωk
rc2
Y1ðl2Þ; F Im3 ðxα yα;ωkÞ ¼ μ
ωk
rc2
J1ðl2Þ ð4:15Þ
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Let us consider in detail the structure of the kernel F3ðxα yα;ωkÞ
and analyze its behavior when xα-yα . The Bessel functions of the
first and second kind and the first order may be represented by the
series expansion [1]
J1ðzÞ ¼
z
2
1
1
1!2!
z
2
 2
þ 1
2!3!
z
2
 4
⋯
 
Y1ðzÞ ¼
2
π
ðlnðz=2ÞþγÞJ1ðzÞþ
z
2π
1 ð1þ1=2Þ 1
1!2!
z
2
 2
þð2þ1þ1=3 1
2!3!
z
2
 4
⋯

2
πz
ð4:16Þ
From these representations it follows that J1ðzÞ-z and Y1ðzÞ-1=z
for z-0 and therefore for
FRe3 ðxα yα;ωkÞ-
1
r2
; F Im3 ðxα yα;ωkÞ-0 for xα-yα ð4:17Þ
The above analysis follows that the kernel (4.15) of the integral
equation (4.6) is hypersingular and special treatment is needed for
its calculation. We will consider it in the sense of the Hadamard's
finite part using the method of divergent integrals regularization
based on the theory of distributions developed in our publications
[47,51,53,55] for 2 D and 3 D elastodynamic problems.
From the above analysis it follows that the BIEs (4.6) establishes
a relation between complex functions pk3ðxαÞ and Δuk3ðxαÞ. Separat
ing real and imaginary parts
pk3ðxαÞ ¼ pRe3 ðxα; kÞþ ipIm3 ðxα; kÞ;
Δuk3ðxαÞ ¼ΔuRe3 ðxα; kÞþ iΔuIm3 ðxα; kÞ ð4:18Þ
and using representation (4.13) for the kernels F3ðxα yα;ωkÞ we
obtain the system of integral equations for each k in the form of
pRe3 ðyα; kÞ ¼ F:P:
Z
Ω
FRe3 ðxα yα;ωkÞΔuRe3 ðxα; kÞdΩZ
Ω
F Im3 ðxα yα;ωkÞΔuIm3 ðxα; kÞdΩ;
pIm3 ðyα; kÞ ¼
Z
Ω
F Im3 ðxα yα;ωkÞΔuRe3 ðxα; kÞdΩ
þF:P:
Z
Ω
FRe3 ðxα yα;ωkÞΔuIm3 ðxα; kÞdΩ ð4:19Þ
The BIEs (4.19) are solved numerically, transforming them into
a linear finite dimensional system of the BEM equations using the
collocation method. For zero order interpolation polynomial (3.2)
with piecewise constant approximation of the boundary elements,
the system of boundary element equations has the form of
pRe3 ðyr ;ωkÞ ¼ ∑
N
n 1
½FRe3 ðxn yr ;ωkÞΔuRe3 ðxn; kÞ
F Imk ðxn yr ;ωkÞΔuIm3 ðxn; kÞ;
pIm3 ðyr ; kÞ ¼ ∑
N
n 1
½F Im3 ðxn yr ;ωkÞΔuRe3 ðxn; kÞ
FRe3 ðxn yr ;ωkÞΔuIm3 ðxn; kÞ ð4:20Þ
Their coefficients are defined by the equations
FRek ðxn yr ;ΔnÞ ¼
Z
2Δn
FRe3 ðx yr ;ωkÞdΩ;
F Imk ðxn yr ;ΔnÞ ¼
Z
2Δn
F Im3 ðx yr ;ωkÞdΩ ð4:21Þ
Let us consider in detail how to calculate these coefficients.
If points xα and yα belong to different boundary elements, the
integrals in (4.21) are non singular and their calculation gives no
difficulties. These can be calculated analytically or numerically
using the Gauss quadrature formulas.
If points xα and yα , belong to the same boundary elements
some integrals in (4.21) are hypersingular. For calculation of these
hypersingular integrals above mentioned regularization method
will be used. For that purpose we present the kernel FRe3 ðxα yα;ωkÞ
in the form of
FRek ðxn yr ;ΔnÞ ¼
Z
2Δn
½FRe3 ðx yr ; kÞ FSt3 ðx yrÞdxþF:P:
Z
2Δn
FSt3 ðx yrÞdx
ð4:22Þ
Here FSt3 ðxα yαÞ ¼ 2μ=πr2 is the fundamental solution for the
elastostatic problem, extracted from FRe3 ðxα yα; kÞ by considering
the series expansion (4.16) and the asymptotic analysis for the case
of ωk-0. The elastostatic fundamental solution is hypersingular.
By applying the regularization technique mentioned above and
calculating the finite part integral according to Hadamard we
obtain
FSt3 ðxn yr ;ΔnÞ ¼
4μ
π
Δn
ðxn yrÞ2 Δ2n
ð4:23Þ
The residuary integrals in (4.21) are regular and can be calcu
lated using standard approaches. Since we consider the rectilinear
crack, all those regular integrals can be calculated analytically
using the methodology presented for the first time in [48], and
then have been used in numerous of our publications (see for
example [20, 22 25])
Jn1ðm;n; cαÞ ¼
Z Δn
Δn
ðω=cαrÞJ1ðlnαÞdβ
¼ ðω=2cαÞ2 2Δnþ ∑
1
k 0
ð 1Þkγ
mn
k ðΔn; cαÞ
ðk!Þðkþ1Þ!
" #
Yn1ðm;n; cαÞ ¼
Z Δn
Δn
ðω=cαrÞY1ðlnαÞdβ¼ γJn1ðm;n; cαÞ ðω=2cαÞ2
 2Δnþ ∑
1
k 0
ð 1Þkγ
mn
k ðΔn; cαÞ
k!ðkþ1Þ! ðψðkþ1Þþψðkþ2ÞÞ
 !
þ2ðω=2cαÞ2 ∑
1
k 0
ð 1Þk
k!ðkþ1Þ!
ðηmnk ðΔn; cαÞ γmnk ðΔn; cαÞ=ð2kþ1ÞÞ ð4:24Þ
where rn ¼ ym xnþβ
 , rþΔ ¼ ym xnþΔn , rΔ ¼ ym xn Δn  and
γmnk ðΔn; cαÞ ¼
Z Δn
Δn
ðrnω=2cαÞ2kdβ¼ ðω=2cαÞ
2k
2kþ1 ðr
2kþ1
þΔ þr2kþ1Δ Þ;
ηmnk ðΔn; cαÞ ¼
ðω=2cαÞ2k
2kþ1 ðr
2kþ1
þΔ lnðrþΔω=2cαÞþr2kþ1Δ lnðrΔω=2cαÞÞ
ð4:25Þ
The use of these equations significantly reduces the time
spent on the kernels (4.21) calculation. In contrast with other
approaches (see for example [32]) the methods developed here
demonstrate good accuracy regardless of the frequency ωk being
low or high. The system BEM equation (4.20) does not lose
stability with increasing ωk.
For convenience and compactness the BEM equation (4.20) can
be presented in the form of
pk ¼ Ak UΔuk for k¼ 0;71;72; :::;1 ð4:26Þ
where
pk ¼
pRe3 ðy1;ωkÞ
⋮
pRe3 ðyN ;ωkÞ
pIm3 ðy1;ωkÞ
⋮
pIm3 ðyN ;ωkÞ


; Δuk ¼
ΔuRe3 ðy1;ωkÞ
⋮
ΔuRe3 ðyN ;ωkÞ
ΔuIm3 ðy1;ωkÞ
⋮
ΔuIm3 ðyN ;ωkÞ


ð4:27Þ
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Ak
FRe3 ðx1y1;ωkÞ ⋯ FRe3 ðxNy1;ωkÞ F Im3 ðx1y1;ωkÞ ⋯ F Im3 ðxNy1;ωkÞ
⋮ ⋮ ⋮ ⋮
FRe3 ðx1yN ;ωkÞ ⋯ FRe3 ðxNyN ;ωkÞ F Im3 ðx1yN ;ωkÞ ⋯ F Im3 ðxNyN ;ωkÞ
F Im3 ðx1y1;ωkÞ ⋯ F Im3 ðxNy1;ωkÞ FRe3 ðx1y1;ωkÞ ⋯ FRe3 ðxNy1;ωkÞ
⋮ ⋮ ⋮ ⋮
F Im3 ðx1yN ;ωkÞ ⋯ F Im3 ðxNyN ;ωkÞ FRe3 ðx1yN ;ωkÞ ⋯ FRe3 ðxNyN ;ωkÞ


ð4:28Þ
The problem under consideration has been transformed into
the BIE (4.19), which has to be solved taking the unilateral
restrictions into account (1.15). As it was mentioned before the
main specific feature of the problem considered here is the
presence of the frictional contact conditions (1.15) which make
the problem strongly nonlinear. Here, we use the same Uzawa's
type algorithm developed in [45] and slightly modified for the case
of the FD solution in [46], more information about algorithms of
such type and their convergence can be found in [57].
The algorithm for the solution of the problem in the FD
includes the following steps:
 the initial distribution of the contact forces q03ðx1; tÞ in the TD is
assigned;
 the Fourier coefficients q3ðx1;ωkÞ in the FD are calculated using
formula (4.4);
 the FD BEM equations (4.20) and (4.26) are solved and
Δu3ðx1;ωkÞis calculated in the FD; the TD value Δun3ðx; tÞ is calculated using formula (4.3); the tangential components of the vector of contact forces are
corrected to satisfy the unilateral restrictions
qkþ13 ðx1; tÞ ¼ Pτ½qk3ðx1; tÞ ρτ∂tΔukþ13 ðx1; tÞ ð4:29Þ
where
Pτ½q3 ¼
q3ðx3; tÞ if q3jrkτqnðx3; tÞ
kτqnðx3; tÞq3=jq3j if jq3j4kτqnðx3; tÞ
(
ð4:30Þ
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Fig. 2. Crack opening in TD for impulse load.
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Fig. 3. Crack opening in the TD for different number of BE.
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is the operator of the orthogonal projection onto set q3
 r
kτqnðx3; tÞ, coefficient ρτ has been chosen based on the condi
tions that give the best convergence of the algorithm; and
 proceed to the next step of the iteration.
6. Verification and comparative study of the TD and FD
approaches
The FD approach presented here has been verified and
compared with known analytical and numerical results reported
in our previous publications that have been quoted in this
paper many times. Therefore we will verify and compare the TD
approach.
First we consider a finite crack subjected by a suddenly applied
unit impulse that causes an antiplane deformation as it is shown
in Fig. 1. This problem has an analytical solution reported in [39]
and used in numerous publications for the verification numerical
BE solution [15,43].
In Figs. 2 and 3 crack openings calculated for dimensionless
quantities μ¼ 1, c2 ¼ 1 and v¼ 0:25 are presented for the problem
considered in [39]. Fig. 2 illustrates the dependence of the crack
opening on time. It is observed that the presented solution is
in a good agreement with the analytical results of [39] and BE
solutions.
Indeed maximum of the dynamic crack opening exceed its
static value by 30% and for a long time the dynamical solution is
equal to the static one that can be calculated using formula
u3ðx1Þ ¼
4p3l
μ
1 ðx1=lÞ2
q
ð5:1Þ
Fig. 3 illustrates the dependence of the dynamic crack opening
on a mesh refinement in the spatial discretization; 10, 50 and
100 BE have been used. The diagram on the left corresponds to
a long time and a static solution and the diagram on the right
Fig. 4. Frictional contact force and crack opening for k2 0:25 and kτ 0:2.
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Time
Contact force q3 
0
−2
−1.5
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−0.5
0
0.5
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1.5
2
Time
Crack opening Δu3μ/2
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3 frequency domain
T 2T 3TT 2T 3T
3
1
2
Fig. 5. Frictional contact force and crack opening for k2 0:25 and kτ 0:4.
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corresponds to time t ¼ 1, when the maximal value of the dynamic
crack opening occurs. We have to mention that the calculations
presented in Figs. 2 and 3 correspond to the piece wise linear time
approximation. The presented results show that the solution is not
mesh sensitive, and that no essential quantities or qualitative
differences were observed for different mesh and piece wise
constant and piece wise linear time approximations.
Thus, the presented results show very good agreement of the
solution obtained by the proposed TD BEM with the known
analytical and numerical solutions. Therefore we will solve the
above formulated elastodynamic problem for the finite crack
subjected to harmonic loading (1.13) using the TD BEM byh
considering frictional contact conditions (1.15) and compare the
result with FD solution.
The case of normal incidence of the harmonic shear SH wave
which produces an antiplane deformation is studied here. For
simplicity we suppose that the force normal to the crack edges is
constant along the crack length for any time and equal to one, i.e.
qn ¼ 1. We also assume that the incident shear SH wave has the
unit amplitude and the crack is located in the material with the
following mechanical characteristics: elastic modulus E¼ 200 GPa,
Poisson's ratio ν¼ 0:25, specific density ρ¼ 7800 kg=m3.
The crack opening and frictional contact force in the middle
point of the crack (x1 ¼ 0) during three periods 3T of the wave
action for different wave numbers and coefficients of friction are
presented in Figs. 4 7. Calculations have been done for piece wise
constant and piece wise linear TD and FD approaches. The
diagram on the left shows that the frictional contact forces
calculated by the three methods mentioned above coincide for
different wave numbers and coefficients of friction, whereas crack
opening slightly differ. Figs. 8 11 illustrate the frictional contact
force and the crack opening distribution along the crack length
during the time period T of the wave load action.
It is interesting to notice that in the FD approach iterations are
carried out for the whole period of time, whereas in the TD
approach for each time interval. In [57] it was shown that usually
0
−0.2
−0.1
0
0.1
0.2
Time
Contact force q3 
0
−1 5
−1
−0 5
0
0 5
1
1 5
Time
Crack opening Δu3μ/2
T 2TT 2T 3T
1
3
2
3T
1 linear
2 constant
3 frequency domain
Fig. 6. Frictional contact force and crack opening for k2 0:75 and kτ 0:2.
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T 2T 3TT 2T 3T
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3
Fig. 7. Frictional contact force and crack opening for k2 0:75 and kτ 0:4.
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3 6 iterations are enough for the FD algorithm convergence.
Fig. 12 illustrates the convergence of the TD algorithm at each
time step for the piece wise constant and piece wise linear
approximations respectively.
The SIF is the main characteristic of fracture mechanics [4,7].
In our previous publications it was shown that contact interaction
affects fraction mechanics criterions. Therefore we will study the
influence of the frictional contact interaction of the crack edges on
the SIF here. For the tearing (or antiplane) mode III the displace
ment at the crack tip has the form of
u3 ¼
KIII
μ
2ε
π
r
sin ðθ=2Þ ð5:2Þ
Using limit transition for θ¼ π we obtain
KIII ¼ lim
ε-0
μ π
p
2ε
p u3ðl ε; tÞ ð5:3Þ
The stress intensity factor against wave number for different
coefficients of friction is presented in Fig. 13. The curves on the
graphs correspond to: 1 solution without contact and 2 and 3
with contact for kτ ¼ 0:2 and kτ ¼ 0:4 respectively. We have to
mention that the solution obtained without crack edges contact
interaction (curve 1) coincides with the one presented in [32].
Our calculations show that for the same mesh and number of
time steps the average time of calculation for the piece wise
constant and piece wise linear time approximation in the TD
Fig. 8. Frictional contact force for k2 0:25 and kτ 0:2.
Fig. 9. Crack opening for k2 0:25 and kτ 0:2.
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Fig. 10. Frictional contact force for k2 0:25 and kτ 0:4.
Fig. 11. Crack opening for k2 0:25 and kτ 0:4.
Fig. 12. Number of iterations at each time step.
0 0.25 0.5 0.75 1 1 25 1 5 1.75
k2l2
0
0.5
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Fig. 13. Stress intensity factor against wave number.
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formulation is the same, while for the FD formulation the average
time of calculation is 1.5 2.0 times less. Also the convergence of
the algorithm and the accuracy of calculations in the FD formula
tion are much better. For example convergence of the algorithm in
the TD formulation is more sensitive to the mesh refinement and
coefficient ρτ in (3.31). But on the other hand the TD formulation is
more general and the problem can be solved not only for harmonic
or periodic load, but also for a much wider range of loads.
7. Conclusion
This paper presents the comparative study of two approaches
based on the TD and FD BEM analysis of antiplane crack problem
in 2 D, homogeneous, isotropic and linear elastic solids by con
sidering the frictional contact of the crack edges. Hypersingular
integrals that appear in the TD and FD BIE formulations, which
correspond to the elastodynamic fundamental solutions, are
evaluated using special regularization algorithm that are based
on the theory of generalized functions. This algorithm converts the
hypersingular integrals to regular integrals, which can be com
puted analytically, hence no numerical calculations are needed.
In order to fulfill frictional contact conditions a special iterative
algorithm of Udzava's type is used. The algorithm consists of two
parts. The first part of the algorithm is a solution of an elasto
dynamic problem for bodies with cracks, without taking into
account unilateral restrictions. The second part of the algorithm
is a projection of the founded solution on the set of unilateral
restrictions. For the first part of the algorithm the DT and FD BEM
are used. A projection operator has been constructed and further
modified for better convergence in our previous publications. An
analysis of the algorithm convergence for each time interval for
the TD solution was done.
Numerical results for the crack opening, frictional contact
forces and dynamic SIF are presented and discussed for a finite
III mode crack in an infinite domain subjected to a harmonic
crack face loading while considering crack edges frictional contact
interaction.
It was shown that the FD solution takes 1.5 2.0 times less time
for its calculation in comparison with the TD solution. But the TD
formulation is more general and the problem can be solved not
only for harmonic or periodic load, but also for a much wider
range of loads.
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